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Ahstract Gemma ray absorption and scattering are used for the measurement of in situ 
bulk materials by nuclear instrumentation. This paper describes a mathematical model 
which applies to any design of integral count backscatter instrument with static or 
variable source-detector separation. The model accurately represents the detector 
in its working environment. Changes in instrument design and factors affecting bulk 
materials alter the backscatter characteristics. Previous models have attempted to 
emulate the absorption and scattering processes whereas the aim of this model is to 
examine and compare the shape, maxima and bandwidth of the characteristics. With 
these determined, a" accurate comparison of parameters produced by different routes 
is possible. This mathematical model could lead to new instrument designs and 
fresh applications involving in situ bulk materials. 
Keywords: NUCLEAR Instrumentation; Compton Backscatter; Moving Source Density 
Gaige; G.mma Ray Scatter Model. 
NOTATION 
Bx - bandvidth at fraction, X, of normalised 
COwIf rate 
d = source-detector separation 
I - count rate 
kl.k2 p amplitude and mass absorption constants 
m - bandwidth constant 
" * source-detector separation power constant 
>1 
r - density power constant 
6 - scatter constant 
u = instrument scatter variable 
x = count rate es fraction of maximum count 
rate 
0 = scatter angle 
p = density 
INTRODUCTION 
Nuclear backscatter instruments are used to 
measure the density of rock, soil (A.S.T.M., 1961; 
Hearst, 1964) and in situ materials in the 
construction industry (Jones, 1962). FIG. 1 shows 
a typical instrument where d is the 
source-detector separation. The mathematical 
model is concerned with gamma ray absorption and 
scattering (Compton backscatter) and does not 
apply to transmission instruments. Two models are 
considered; static (Lin, 1969) and variable 
(Devlin et al., 1969) source-detector separation. 
In this instrument it is simpler to move the 
source rather than the scintillation counter. 
A gamma source is used because its high energy 
enables it to penetrate materials. Direct 
radiation is prevented by inserting the gamma 
source and the detector in lead blocks as show" in 
FIG. 1. Integral counting, and a pulse amplitude 
discriminator circuit to restrict the scatter 
angle, @, are used. Typical experimental results 
are given (Lin, 1969; Henderson, 1982) in FIG. 2 
and FIG. 3 for the two models with iM90°, i.e. 
mainly single, scatter with the soil type effect 
(Lin, 1969) removed. In order to produce a 
maximum within the measured d range, Id" is 
plotted against d for the variable-d instrument. 
The index n is not necessarily a" integer but it 
is greater than unity. 
D - D.t.&,r 
FIG.1 Backscatter Instrument for @ < x Geometry 
The position of the maxima and/or the shape of the 
backscatter characteristics change with both 
design and the nature of the material used. 
Typical instrument design factors are: 
1. lead shielding 
2. background radiation 
3. different source and source strength 
4. scatter angle 
5. temperature 
and material factors are: 
1. hydrogen content 
2. moisture content 
3. ash content 
4. non-homogeneity in mixture. 
5. localised density abnormalities e.g. 
voids. 
268 
1.0 1; (g2~_5)2.5 3.0 
FIG. 2 I vs P for Static Model (137~s 74 MB~) 
FIG. 3 Id2 "8 d for Variabled Model @'Co 74 MBq) 
Hence, 
(Li", 
on careful examination of the literature, 
1969; Uemura. 1965; Heinz et al.. 1966) it 
is not surprisi"g that various sets of apparently 
disparate experimental results were found. A 
single scatter model (Uemura, 1965) and a model 
using the Monte-Carlo method have been developed 
to emulate the gamma ray absorption and scattering 
processes. However, these do not explain the 
differences in maxima position or shape of the 
5th ICIQ4 
characteristics. The mathematical model 
developed in this paper, which compares the 
features of the characteristics, could be used to 
examine not only the various experimental results, 
but also the theoretical results of the previous 
models. 
Ah' ADDITIONAL ASSUWTION 
The backscatter geometry assumes a point source 
and detector. Therefore, their physical 
dimensions and their height above the bulk 
material surface must be assumed to be small 
compared to the spacing, d. Previous models 
proved unsatisfactory because they treated each 
set of results as a separate entity. An 
additional common feature of all results was 
provided by the initial moving source experimental 
results (Devlin et al., 1969; Christensen, 1971). 
For a given design of instrument at a value of 
n - s, the maximum count rate was found to be 
independent of density. 
Ids = f,(u) (1) 
where u is the instrument scatter variable. It is 
a function which only depends on P and d for a 
given source and instrtlment design. 
:. u - f2(P.d) (2) 
This new parameter, 6. called the scatter 
parameter, allows a unified approach to all 
integral count backscatter experimental and 
theoretical results. 
A suitable function for f2(p.d). is obtained by 
multiplying the d scale of the Ids against d 
graphs by f3(P). This produces the unique Ids 
against u graph of (1) shown in FIG. 4. Hence, 
” - d.f3(p) (3) 
FIG. 4 (I) Unique Curve Ids or f,(u) vs u 
(II) Normalised Curve x vs u for 
Bandwidth Characteristics 
A study of integral count backscatter experimental 
results (Henderson, 1982) shows that an all 
embracing form for f3(p) is 
f3(P) - p’ 
The density power parameter, r. depends on the 
amount of lead shielding and the source 
With the correct amount of shielding and a rgs;, 
source r equals 1, giving the simplest form of the 
instrument. It follows from the above 
discussion and (1) that in general 
IuS = fl(u)[f3(P)ls 
or substituting (3) 
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1”s = u . f,(u) (6) 
ds 
The two backscatter models are no” possible “sing 
(5) and (6). Equation (5) describes the 
variable-d model and (6) is applicable to the 
static model. 
considerable improvement in accuracy is obtained 
by taking two values of d, (dl and d2) from either 
side of d,. They must correspond with the same 
count rate at the fraction, x. of the maximum 
count rate. It can be shown that (Benderson, 
1982) 
VARIABLE-d MODEL 
dm = 
d2-dl 
W) 
(12) 
Characteristic Differential Equation 
Also the normalised bandwidth 
From (5). for a given source and design of 
B* 
d2-dl 
instrument, 
= 7 = J.n(d2/dl) 
m 
I”” = [f5(P)lS.fl(“).” 
(n-s) 
(7) He*CX 
since the density is constant, in the variabled 
model, a differential equation characteristic of 
tne Id” maxima can be found by setting 
d 
d2-dl 
m -7 (14) 
x 
STATIC MODEL 
auu") 
au=* 
giving 
Starting from the same assumptions and (b), it is 
possible to develop a characteristic differential 
equation for the static model. 
dfl(“) f,(u) 
7 + (n-s) - = 0 
u (8) 
This means that integral count Compton backscatter 
results must, for a given source and design, be 
characterised by the same u value and thus the 
same function fl(u) “here 
u = dp’ 
dfl(u) f,(u) 
-+n- -0 
du u 
Hence) in both models, all backscatter results 
must, for a given source and design, be 
characterised by the same u value and thus the 
same function fl(u) vhere 
u = p=d 
Relationship at Maximum Count Rate 
The main form of the backscatter curves is 
obviously a decaying exponential. In order to 
obtain an Id” maximum, it must be multiplied by u 
to an appropriate power. Since f,(u) - Id’, It 
is advisable to separate the s portion of the 
power, giving 
The differential equation (15) can now be used to 
obtain the value of u, um2, characteristic of the 
I against p maximum “here n = 0. 
“m2 
Cm+=) 
=k 
2 
f,(u) 
_ kl”(mts)e-kz” 
(9) 
where m, kl and k2 are constants. 
The differential equation (8) can now be used to 
obtain the value of u. 
Y’ 
characteristic of the 
Id” maxima. Subst tuting (9) and the 
differentiation of (9) in (8) gives 
Hence * unlike in the variable-d model, urn2 is 
dependent on 8, Since urs2 = d& 
, 
Pi C&S) =dk 
2 
A comparison between the maximum value of u when 
n- 0 for the static model and the maximum value of 
u for any value of n in the variable-d model is 
now possible. From (LO) and (16) 
uml = 
M 
k2 
(10) u m2 
=* 
ml 
+(s-n) 
k2 
This shows that the value of u, corresponding to 
the maximum of the unique curve Id’, “,,,l, is 
Independent of 8. Since us,1 = prd, 
d (m+n) =- 
m 
prk2 
(11) 
In order to improve the accuracy of determining 
4 from the characteristics, it may be show that 
(Henderson, 1982) 
The Id” against d curves are flat, asymmetrical 
and can suffer from temperature distortion. A 
(13) 
(15) 
(16) 
(17) 
(18) 
(19) 
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where P: and 6 occur at the same fraction, x, of 
the normalised count rate. Also the normalised 
bandwidth 
rlln( P2l Pl ) 
.- 
(20) 
(21) 
NORMALISED BANDWIDTH CHARACTERISTICS 
A mathematical model for gamma ray absorption and 
scattering would not be complete without 8 closer 
inve’stigation of the similarity of the shape of 
the peaks, since this feature is common to all 
integral count backscatter results. These peaks 
were reminiscent of those obtained from a” 
electronic tuned circuit. Using the banwidth 
concept at a common count rate seemed a” 
appropriate starting point. So to obtain a 
unified end result, the value of the common count 
rate end the bandvidth were normalised using the 
co”“t rate at the maximum and the associated value 
of “) l+J or l+Q. 
Consider FIG. 4. Since the Id” maxima of the 
variable-d model are asymmetrical, the bandwidth 
characteristics have to be found in two parts as 
described in the Appendix. Each value of X will 
produce a” individual characteristic of BX against 
(m + n) es shown in FIG. 5. Clearly. in the 
variable-d model, for a constant value of n, the 
bandwidth of the normalised peaks is totally 
dependent on the parameter. m. 
0.6 
0.4 
0.2 
FIG. 5 Bandwidth Characteristics 
(I) Bx vs (rut”) for Variable-d Model 
(II) B_ vs (mts) for Static Model 
A similar approach is obviously possible for the 
static model maximum. The only difference in the 
initial equation is the power (mts) instead of 
(d”) * Iherefore, the “ormalised bandwidth 
characteristics also apply to the static model 
but. in this case, the horizontal variable is 
(m+ 8). Since there is very little variation in 
s, it is m which again determines the bandwidth of 
the characteristics. 
CONCLUSIONS 
For a given source and design, it has been shovn 
that all gamma-ray absorption and scattering 
results must be characterised by the same function 
f,(u) where, by experiment, u - p’d. One 
parameter, the bandwidth parameter m, is mainly 
responsible for the position of the maxima and the 
bandwidth of the characteristics. A change in 
instrument design, e .g . lead shielding or gamma 
source, can change this parameter and hence must 
be the predominant cause of the apparently 
disparate published results. 
The model has been successfully applied to 
experimental results using different instruments 
and the Sellle instrument but different gamma 
source, source strength and scatter angle. 
Inconsistencies in the calibration procedure, 
error due to finite detector, potential 
improvement in a single scatter model and other 
important design information have all been 
revealed when the theory was applied to earlier 
results. It must be concluded that a 
mathematical model has been produced which 
accurately represents the detector in its working 
environment. 
Gamma rays, because of their high energy, are 
ideal for the investigation of in situ materials. 
Improvements in the design of gamma ray absorption 
and scattering instrumentation is long overdue. 
It is hoped that this model will stimulate new 
instrument design and instigate fresh applications 
involving in situ bulk materials 
APPENDIX : BANDWIDTH CHARACTERISTICS 
Since the Id” peaks are asymmetrical, the 
bandwidth characteristics,have to be found in two 
parts. Let 6~1 occur below urn1 and &u2 occur 
above u 
“t, 
at a fraction, x, of the maximum count 
rate as s own in FIG. 4. The maximum count rate 
k u (mt”)e-“mlk2 
(Id”), - 1 ::“_s) 
P 
(Al) 
and x(Id”) 
kl(uml+6u2)(sr+“)e-(Uml+6u2)k2 
- 
m r(n-a) (A2) 
P 
Divide (AZ) by (Al) 
:. x = (lt 
Similarly putting -6~1 for t6u2 in (AS) and taking 
reciprocals gives 
-1 
X - (l- 
2) 
-(tin)e-6ulk2 
Taking natural logarithms of (A4) 
y1 - a”( 1-yl-k) 
(A4) 
(AS) 
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where 
yl - Bxl-k or Bxl * yl + k (A6j 
Taking natural antilogarithms of (A5) 
1 - k - yl = e-Y1 (A7) 
bu 
To find 2 use the same procedure with (A3) 
Uml 
giving 
1 + y2-k = eY2 CM) 
where B 
6U2 
x2 
- ;;- 
ml 
y2 
- k+Bx2 or Bx2 = y2-k (A9) 
In order to find the normalised bandvidth, (A7) 
and (AB) have to be solved for yl and y2 
respectively. These are transcendental equations 
and are solved using the Newton Raphson method. 
Bxl and Bx2 are found from (A6) and (A9) 
respectively. Hence 
6Ul + 6u 
Bx- u 
2 
IIll 
- Bxl + Bx2 
FIG. 5 gives the graph of B, against (mtn). 
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